Abstract. In this paper, we show that one can interrelate pluriharmonic maps with para-pluriharmonic maps by means of the loop group method. As an appendix, we give examples for the interrelation between pluriharmonic maps and para-pluriharmonic maps. Moreover, we investigate the relation among CMC-surfaces by use of such maps.
Introduction
Let f 1 : (M 1 , J) → G 1 /H 1 be a pluriharmonic map from a complex manifold (M 1 , J), and let f 2 : (M 2 , I) → G 2 /H 2 be a para-pluriharmonic map from a para-complex manifold (M 2 , I), where G i /H i are affine symmetric spaces. Then, the loop group method enables us to obtain a pluriharmonic potential (η λ , τ λ ) and a para-pluriharmonic potential (η θ , τ θ ) from f 1 and f 2 , respectively; and furthermore, the method enables us to construct pluriharmonic maps and para-pluriharmonic maps from their potentials, respectively (see Section 3). The goal of this paper is to interrelate f 1 : (M 1 , J) → G 1 /H 1 with f 2 : (M 2 , I) → G 2 /H 2 by interrelating (η λ , τ λ ) with (η θ , τ θ ). In this paper, we demonstrate that one can indeed locally interrelate a pluriharmonic map with a para-pluriharmonic map in the case where its potential satisfies the morphing condition (M) (see Theorem 4.3.1). The notions of a pluriharmonic map and a para-pluriharmonic map are generalized notions of a harmonic map from a Riemann surface Σ 2 and a Lorentz harmonic map from a Lorentz surface Σ 2. Pluriharmonic maps and para-pluriharmonic maps 2.1. Para-complex manifolds. We first recall the notion of a para-complex manifold, in order to introduce the notion of a para-pluriharmonic map.
Definition 2.1.1 (cf. Libermann [20] , [21, p. 82 Every para-complex manifold can be endowed with a set of special, local coordinates (x A Lorentz surface and a one sheeted hyperboloid are one of the examples of paracomplex manifold.
2.2. Para-pluriharmonic maps.
2.2.1. Now, let us recall the notion of a para-pluriharmonic map:
Definition 2.2.1 (cf. Schäfer [25, p. 72] ). Let (M, I) be a para-complex manifold with dim R M = 2n, and let N be a smooth manifold with a torsion-free affine connection ∇ N .
Then a smooth map f : (M, is any para-complex (i.e., DI = 0) torsion-free affine connection on (M, I).
Remark 2.2.2. Every para-complex manifold admits a para-complex torsion-free affine connection (cf. [25, p. 64 
]).
The following lemma implies that the equation (P) in Definition 2.2.1 is independent of the choice of para-complex torsion-free affine connections on (M, I):
Lemma 2.2.3. Let (M, I) be a para-complex manifold with dim R M = 2n, and let D be any para-complex torsion-free affine connection on (M, I). Then, every local paraholomorphic coordinate ( Let G be a connected matrix group, and let σ be an involution of G. We denote by H the fixed point set of σ in G, and get an affine symmetric space (G/H, σ). Let (M, I) be a para-complex manifold of dimension 2n, and let F be a smooth map from (M, I) into G. Then we consider: (2.2.1) π: the projection from G onto G/H, (2.2.2) ∇ 1 : the canonical affine connection on (G/H, σ) (see [22, p. 54] for the definition of the canonical affine connection), 
Now, we are in a position to state Proposition 2.2.4. With the above setting and notation, the following statements (a) and (b) are equivalent:
is para-pluriharmonic and satisfies
In order to prove the above proposition, we first show
is a para-pluriharmonic map if and
Proof. Lemma 2.2.3 allows us to reduce the equation (P) in Definition 2.2.1 as follows: [5] or [15, p. 403 ] for β). Accordingly, it suffices to show that
To prove this we note first that it is known that ∇ 1 coincides with the canonical affine connection of the second kind (cf. [22, p. 53] 
Let us compute each term on the right-hand side of the above equation. We note that
Hence we have shown (2.2.11).
Proof of Proposition 2.2.4. First we rewrite the expression dα
Thus we can assert that
By a direct computation we obtain
Consequently, by virtue of (2.2.12) one can rewrite
as follows: 
2.13). So Lemma 2.2.5 allows us to obtain the conclusion, if one has
2.2.3. We recall the notion of the extended framing of a para-pluriharmonic map (cf. Definition 2.2.6). One will see that the framing is an element of the loop group ΛG σ in Section 3.
Let G C be a simply connected, simple, complex linear algebraic subgroup of SL(m, C), let σ be a holomorphic involution of G C , and let ν be an antiholomorphic involution of
Note that (G/H, σ| G ) is an affine symmetric space. Now, let p o be a base point in a simply connected para-complex manifold (M, I). Then, Proposition 2.2.4 assures that for any para-pluriharmonic map
* , is integrable; and furthermore, one can obtain a smooth map
and (2.2.17) follows from α θ being g-valued for any θ ∈ R + .
Definition 2.2.6. The map F θ is called the extended framing of the para-pluriharmonic map f = π • F : (M, I) → (G/H, ∇ 1 ); and {f θ } θ∈R + is called an associated family of f , where f θ := π • F θ . Here, we remark that f 1 = f and
Remark 2.2.7. Throughout this paper we consider that for the extended framing F θ of a para-pluriharmonic map, its variable θ varies in the whole C * which contains not only
2.3. Pluriharmonic maps.
2.3.1. In this subsection we will survey some basic facts and results about pluriharmonic maps. First, let us recall the notion of a pluriharmonic map:
Definition 2.3.1. Let (M, J) be a real 2n-dimensional complex manifold, and let N be a smooth manifold with a torsion-free affine connection ∇ N . Then a smooth map
Here ∇ denotes the connection on End(T M, f −1 T N) which is induced from D and ∇ N , where D is any complex torsion-free affine connection on (M, J).
We utilize the terminology "pluriharmonic map," in a sense that is more general than the one originally given by Siu [26] .
(ii) Any complex manifold admits a complex torsion-free affine connection (cf. [18, p. 145] 
is any local holomorphic coordinate system on (M, J), and where
is any local holomorphic coordinate system on (M, J). 
2.3.3. We will first recall the notion of the extended framing of a pluriharmonic map (cf. Definition 2.3.4), and afterwards point out a crucial difference between the extended framings of pluriharmonic maps and para-pluriharmonic maps in view of the loop group method (cf. Remark 2.3.5).
The arguments below will be similar to those in Subsection 2.2.3. Let G C , H C , G and H denote the same Lie groups as in (2.2.14). Fix a base point p o in a simply connected complex manifold (M, J).
with
exists a unique map
by virtue of the integrability condition
Indeed, (2.3.10) follows from α λ being g-valued for any λ ∈ S 1 . Definition 2.3.4. The map F λ is called the extended framing of the pluriharmonic
Remark 2.3.5. The map F = F µ : C * → G C defined above becomes G-valued if its variable µ varies in S 1 ; and F λ = F | S 1 is the extended framing of a pluriharmonic map.
By contrast, the map F = F µ : C * → G C in Subsection 2.2.3 becomes G-valued if its variable µ varies in R + ; and F θ = F | R + is the extended framing of a para-pluriharmonic map.
The loop group method
First, we introduce three kinds of loop groups ΛG C σ , ΛG σ and ΛG σ , and review their decomposition theorems. Next, we explain the relation between para-pluriharmonic maps and the loop group method, and interrelate para-pluriharmonic maps with para-pluriharmonic potentials. Finally, we treat the pluriharmonic case.
3.1. Decomposition theorems of loop groups.
3.1.1. Let G C be a simply connected, simple, complex linear algebraic subgroup of SL(m, C), and let σ be a holomorphic involution of G C . In this case the twisted loop group ΛG C σ is defined as follows:
where || · || denotes some matrix norm satisfying ||A · B|| ≤ ||A|| · ||B|| and || id || = 1. Then ΛG C σ , with this norm ||A λ || = ||A k ||, is a complex Banach Lie group (see [1] , [12] and [24] for more details). Here, the Lie algebra Λg
where [1] , [12] , [24] ):
+ can be uniquely factorized:
This involution ν S is said to be of the first kind, and its fixed point set ΛG σ := Fix(ΛG
That allows us to define four subgroups Λ ± G σ and Λ ± * G σ as follows:
With this notation, one can state the following theorems (see [2] , [3] ):
respectively. In particular, each element A λ ∈ B := B − ∩ B + can be uniquely factorized:
3.1.3. For a general element A λ ∈ ΛG C σ , its variable λ only varies in S 1 . However, for the framing F λ of a para-pluriharmonic map, the variable λ of F λ can vary in the whole C * (cf. Subsection 2.2.3). Toda [27] has addressed this relevant point, since in her work λ is for all geometric purposes a positive real number. She proposed to consider the following subgroup ΛG σ of ΛG σ :
One equips ΛG σ with the induced topology from ΛG σ , where ΛG σ is considered as a loop group with λ ∈ S 1 ; and in a similar way, one defines four subgroups Λ ± G σ and Λ ± * G σ of Λ ± G σ and Λ ± * G σ , respectively. Then, the following two decomposition theorems hold (cf. [2] , [9] , [27] ):
Theorem 3.1.6 (Birkhoff decomposition of ΛG σ ). The multiplication maps
Remark 3.1.7. Throughout this paper, we consider that for A λ ∈ ΛG σ , its variable λ varies not only in S 1 but also in R + (or more generally in C * ).
We end this subsection with showing the following lemma:
Hence, one has ν(C µ ) = C µ for all µ ∈ C * ; and therefore ν(C θ ) = C θ for all
3.2. Para-pluriharmonic maps and the loop group method. In this subsection, we will study the relation between para-pluriharmonic maps and the loop group method.
3.2.1. Let G C be a simply connected, simple, complex linear algebraic subgroup of SL(m, C), let σ be a holomorphic involution of G C , and let ν be an antiholomorphic involution of G C such that [σ, ν] = 0. Define subgroups H C , G and H by the same conditions as in Subsection 2.2.3, respectively-that is,
We will conclude that the extended framing F θ of a para-pluriharmonic map belongs to the loop group ΛG σ (see (3.1.3) for ΛG σ ). Let (M, I) be a simply connected paracomplex manifold, and let F θ be the extended framing of a para-pluriharmonic map 
any µ ∈ C * follows from ν(F θ ) = F θ for any θ ∈ R + . Hence, we have shown (3.2.1).
Consequently the framing F λ belongs to ΛG σ .
Para-pluriharmonic potentials.
We have just shown that F λ belongs to ΛG σ , where F λ is the extended framing of a para-pluriharmonic map
To F λ ∈ ΛG σ , one can apply the Birkhoff decomposition theorem (cf. Theorem 3.1.6). We will obtain a pair of m-valued 1-forms η θ and τ θ on (M, I) parameterized θ ∈ R + , from the framing F θ .
Since F λ (p o ) ≡ id ∈ B, one can perform a Birkhoff decomposition of the framing
on an open neighborhood U of M at p o (cf. Theorem 3.1.6). Define η θ and τ θ by
Then for any θ ∈ R + , both η θ and τ θ become m-valued 1-forms on the para-complex manifold (U, I); and furthermore, η θ is para-holomorphic and τ θ is paraantiholomorphic. Indeed, it is immediate from F −1
we remark that L ± 0 ∈ H by Lemma 3.1.8. From the extended framing F θ , we have obtained the pair (η θ , τ θ ) of an m-valued paraholomorphic 1-form and an m-valued para-antiholomorphic 1-form on (U, I) parameterized by θ ∈ R + . In the next subsection, we will see that the pair (η θ , τ θ ) is a para-pluriharmonic potential (cf. Definition 3.2.1).
3.2.3. We are going to introduce the notion of a para-pluriharmonic potential. Consider two linear subspaces Λ −1,∞ g σ and Λ −∞,1 g σ of Λg σ :
where Λg σ denotes the Lie algebra of ΛG σ (see (3.1.3) for ΛG σ ). Let P + = P + (g) and P − = P − (g) denote the sets of all Λ −1,∞ g σ -valued para-holomorphic and Λ −∞,1 g σ -valued para-antiholomorphic 1-forms on a simply connected para-complex manifold (M, I), respectively.
Definition 3.2.
1. An element (η λ , τ λ ) ∈ P + × P − is called a para-pluriharmonic potential (or a potential, for short) on (M, I).
(1) For each potential (η λ , τ λ ) ∈ P + × P − , one may assume that the variable λ of η λ (resp. τ λ ) varies in R + by virtue of η λ ∈ Λg σ (resp. τ λ ∈ Λg σ ).
(2) Note that we has just obtained a para-pluriharmonic potential (η θ , τ θ ) from the extended framing F θ of a para-pluriharmonic map f : (M, I) → (G/H, ∇ We has just obtained a para-pluriharmonic potential (η θ , τ θ ) from the extended framing
The converse statement is also true-that is, one can obtain a para-pluriharmonic map and its extended framing from any para-pluriharmonic potential and this framing satisfies [α
Proposition 3.2.3. Let (η θ , τ θ ) ∈ P + (g) × P − (g) be a para-pluriharmonic potential on the para-complex manifold (M, I). Then, the following steps provide an R + -family {f θ } θ∈R + of para-pluriharmonic maps:
(S1) Solve the two initial value problems: (A
and (S2) are solved on W .
In particular, C θ (p o ) ≡ id and C θ is the extended framing of the para-pluriharmonic map
Proof. 
Then we obtain the conclusion, if one has 
is a para-pluriharmonic map for every θ ∈ R + . Hence, it suffices to prove (3.2.2). Direct computation, together with
Therefore, the Fourier series β λ = k∈Z β k λ k has actually the simple form:
because the n-th and m-th Fourier coefficients of B
are zero for all n ≤ −2 and 2 ≤ m, respectively. Let us denote by (β j ) + and (β j ) − the para-holomorphic component and the para-antiholomorphic component of β j , respectively (i.e., (β j ) ± := (1/2) · (β j ± t I(β j ))) for j = ±1, and rewrite the above (a) as
because the −1st and +1st Fourier coefficients of B
are para-holomorphic and para-antiholomorphic, respectively.
From (a ′′ ) and β λ ∈ Λg σ we see that (
− m ; and (3.2.2) follows.
3.3. Pluriharmonic maps and the loop group method. We have explained the relation between para-pluriharmonic maps and the loop group method in Subsection 3.2. In this subsection, we will explain the relation between pluriharmonic maps and the loop group method. The arguments below will be similar to those in Subsection 3.2.
3.3.1. In Subsection 3.2.1 we have learned that the extended framing F ′ θ of a parapluriharmonic map belongs to the almost split real form ΛG σ -that is, it satisfies ν S (F ′ λ ) = F ′ λ for the involution ν S of the first kind (cf. (3.1.2) for ν S ). In this subsection, we will first confirm that the extended framing F λ of a pluriharmonic map satisfies ν C (F λ ) = F λ for the involution ν C of the second kind defined below.
Denote by H C , G and H, the subgroups defined in Subsection 2.2.3, respectively (cf. (2.2.14) ). Now, let us define an antiholomorphic involution ν C of ΛG
σ . This involution ν C is said to be of the second kind, and satisfies the following:
Let p o be a base point in a simply connected complex manifold (M, J), and let F λ be the extended framing of a pluriharmonic map
3.3.2. Pluriharmonic potentials. Since F λ (p o ) ≡ id we perform a Birkhoff decomposition of the framing F λ . Therefore we obtain a pair of m C -valued 1-forms η λ and τ λ on (M, J) parameterized by λ ∈ S 1 . Here m C := Fix(g C , −dσ). We will see later that the pair (η λ , τ λ ) is a pluriharmonic potential (cf. Definition 3.3.1).
Since F λ (p o ) ≡ id ∈ B C , we factorize the framing F λ ∈ ΛG C σ in the Birkhoff decomposition:
Then for any λ ∈ S 1 , both η λ and τ λ become m C -valued 1-forms on the complex manifold (U, J). In addition, η λ is holomorphic and τ λ is antiholomorphic. Indeed,
follows from (3.3.2) and (3. Next we recall from [7] that one can obtain a pluriharmonic map and its extended framing from a pluriharmonic potential:
be any pluriharmonic potential on the complex manifold (M, J). Then, the following steps provide an S 1 -family {f λ } λ∈S 1 of pluriharmonic maps:
(S1) Solve the two initial value problems:
Proof. (S1), (S2): For the solutions A λ and B λ to (S1), we deduce that they satisfy 
-that is, we want to assert that (S3) holds. First, let us verify
Next, we will deduce that (3.3.5) (C λ (q)) −1 · ν(C λ (q)) ∈ H C for any point (q, λ) ∈ W × S 1 . 
Since (3.3.4), (3.3.2) and C
where X = X(p) : V → O h is a smooth map with X(p o ) = 0. This yields
and dν(X(p)) = −X(p). Accordingly we conclude that (1) 
(S4): The arguments below will be similar to those of the proof of (S3) in Proposition 3.2.3. Define a g-valued 1-form β λ on (V, J) by
and express it as
. Then, it suffices to verify (3.3.7): 
is a pluriharmonic map for every λ ∈ S 1 . Direct computation, together with
where (D
Therefore, the Fourier series β λ = k∈Z β k λ k is actually a Laurent polynomial of the form
because the n-th and m-th Fourier coefficients of D
are zero for all n ≤ −2 and 2 ≤ m, respectively. Moreover, (a) simplifies to
′′ because the −1st and +1st Fourier coefficients of D Then (A 2n , J) and (B 2n , I) are simply connected complex and para-complex manifolds, respectively. Henceforth, for the natural coordinate systems (
, we will use the notation (z,z), (x, y) and (z, w), respectively.
The symmetric subspaces
In this subsection, we introduce two symmetric subspaces G 1 /H 1 and G 2 /H 2 of G C /H C . Let G C be a simply connected, simple, complex linear algebraic subgroup of SL(m, C), let σ be a holomorphic involution of G C , and let ν 1 and ν 2 be antiholomorphic involutions of
, 2) and g 2 as follows: 
denote the R + -family of para-pluriharmonic maps constructed from (η θ , τ θ ) in the neighbor-
Then, there exist an open neighborhood V of A 2n at (0, 0) and a smooth map h C (z,z) : (ii) Similarly, one can verify that the notation C λ (z,z), used in Theorem 4.3.1, makes sense.
Proof of Theorem
Since (η λ (x), τ λ (y)) is analytic, we deduce that A λ (x), B λ (y), C λ (x, y) and B ± λ (x, y) are analytic with respect to the variables x and y. Therefore these matrices have unique analytic extensions A λ (z), B λ (w), C λ (z, w) and B ± λ (z, w) to an open neighborhood W of C 2n at (0, 0), respectively, because B 2n is a totally real submanifold of C 2n . Then on the neighborhood W ∩ A 2n of A 2n at (0, 0), we confirm that A λ (z) and B λ (z) satisfy z) ) becomes the Iwasawa decomposition in (S2) of Proposition 3.3.2, where we remark that (η λ (z),
Consequently, the proof of 
Appendix
We will interrelate concretely some pluriharmonic maps with para-pluriharmonic maps by means of Theorem 4.3.1. In Subsection 5.2 we will focus on harmonic maps and Lorentz harmonic maps. This will yield a relation between CMC-surfaces in R 3 and CMC-surface in R 3 1 .
5.1.
A relation between certain pluriharmonic maps and certain para-pluriharmonic maps.
Following the main result of this paper, we construct in this subsection a pluriharmonic map
and a para-pluriharmonic map f 2 (x 1 , x 2 , y 1 , y 2 ) : B 4 → Gr 2,4 (C ′ ) from one potential (5.1.10) below, where Gr 2,4 (C) (resp. Gr 2,4 (C ′ )) denotes a complex (resp. para-complex)
Grassmann manifold. In this subsection, we will use the following notation:
Taking the morphing condition (M) of Theorem 4.3.1 into consideration, we define a Λ −∞,1 (g 2 ) σ -valued, real analytic para-antiholomorphic 1-form τ θ (y 1 , y 2 ) on (B Hence we obtain the real analytic, para-pluriharmonic potential (η θ (x 1 , x 2 ), τ θ (y 1 , y 2 )).
From Proposition 3.2.3 we obtain a para-pluriharmonic map
(S1): Solve the two initial value problems:
Here, B 
(S3): The last step of Proposition 3.2.3 assures
We will construct a pluriharmonic map
given above. Substituting λ, z i andz i for θ, x i and y i , respectively (i = 1, 2) we obtain
is a real number and z 2 /λ − λz 2 is a purely imaginary number. Hence, we conclude that
for every λ ∈ S 1 . Consequently, we have constructed a pluriharmonic map f 1 : A 4 → Gr 2,4 (C) and a para-pluriharmonic map f 2 : B 4 → Gr 2,4 (C ′ ) from the potential (5.1.10).
(
In this subsection, we will construct a plurihar-
by arguments similar to those in Subsection 5.1.1. Here S 4 and H 4 denote a sphere and a upper half space of dimension 4, respectively. Henceforth, we will use the following notation:
In view of the morphing condition (M), it is natural that one defines a Λ −∞,1 (g 2 ) σ -valued para-antiholomorphic 1-form τ θ (y 1 , y 2 ) as follows:
Let us solve the two initial value problems: (A
) sinh(
) cosh(
) − sinh(
Substitute λ, z i andz i for θ, x i and y i (i = 1, 2), respectively:
)/λ is a purely imaginary number, one sees that
Accordingly, we obtain a pluriharmonic map f 1 and a para-pluriharmonic map f 2 ,
Harmonic maps, Lorentz harmonic maps and CMC-surfaces. In this subsection we will interrelate some harmonic maps f 1 (z,z) : , by use of f 1 (z,z) and f 2 (x, y). More precisely, we interrelate a cylinder in R 3 with a hyperbolic cylinder in R . In this subsection we will use the following notation:
We will construct a harmonic map f 1 : (A 2 , J) → S 2 and a Lorentz harmonic map In the second place, we define a Λ −∞,1 (g 2 ) σ -valued para-antiholomorphic 1-form τ θ (y) on (B 2 , I) by taking the morphing condition (M) in Theorem 4.3.1 into consideration, i.e.,
In the third place, let us solve the two initial value problems:
θ ·dB θ = τ θ (y) and A θ (0) ≡ id ≡ B θ (0). In this case, one can obtain
, B θ (y) = cosh(−θy) sinh(−θy) sinh(−θy) cosh(−θy) and the Iwasawa decomposition:
Here C θ (x, y) is given as follows:
This C θ (x, y) provides us with an R + -family of Lorentz harmonic maps
For C λ (z,z), the Sym-Bobenko formula in [11, p. 30 ] yields
This CMC-surface φ 1 (z,z) : A 2 → R 3 is a cylinder. For C θ (x, y), the Sym-Bobenko formula in [9] 1 is given as follows:
This timelike CMC-surface φ 2 (x, y) : where the above notation SL * (2, R) and sl * (2, R) are the same as those in [17] . The arguments below are similar to those in Subsection 5.2.1.
We want τ θ (y) ∈ P − (g 2 ) to satisfy the morphing condition (M) in Theorem 4.3.1; and therefore we define τ θ (y) as follows:
Solve the two initial value problems:
Here B ± θ and C θ are given as follows:
From C θ (x, y) one obtains an R + -family of Lorentz harmonic maps
where W := {(x, y) ∈ B 2 | xy = 1}. Substituting λ, z andz for θ, x and y, respectively, we have
for C θ (x, y). It is obvious that C λ (z,z) ∈ G 1 = SU(1, 1) for all (z,z; λ) ∈ V × S 1 , where
Consequently, one can get a harmonic map f 1 (z,z) and a Lorentz harmonic map f 2 (x, y), 
Thus we have a spacelike CMC-surface in R 
(cf. Subsection 3.2.1 in [4] ). This φ 1 (z,z) is a two sheeted hyperboloid centered at (0, 0, 1/2) because
(see Subsection 3.2.1 in [4] for the metric on R 3 1 ). One the other hand, the Sym-Bobenko formula in [17] , combined with (5.2.23), gives us
Proof of Corollary 3.4 in [17] ). Then it turns out that
(cf. Subsection 3.1 in [17] ). This φ 2 (x, y) is a one sheeted hyperboloid centered at (0, 0, 1/2). Indeed, we deduce
by a direct computation (see Remark 3.2 in [17] for the metric on R 3 1 ).
Spacelike CMC-surface in R 3 1 : Two sheeted hyperboloid
Timelike CMC-surface in R Here we remark that (η θ (x), τ θ (y)) is a real analytic para-pluriharmonic potential on (B 2 , I) satisfying the morphing condition (M). Solve the two initial value problems:
In this case it follows that
It is easy to see that C λ (z,z) ∈ G 1 = SU(2) for all (z,z; λ) ∈ A 2 × S 1 . Accordingly, we obtain a harmonic map f 1 and a Lorentz harmonic map f 2 , . The Sym-Bobenko formula in [11] , combined with C λ (z,z), gives
This CMC-surface φ 1 (z,z) : A 2 → R 3 is a sphere centered at (0, 0, 1). By the above C θ (x, y) and the Sym-Bobenko formula in [17] , we obtain
This timelike CMC-surface φ 2 (x, y) : W → R 
Timelike CMC-surface in R . In this subsection we construct a timelike CMC-surface, φ 2 (x, y) : W → R 
Then Proposition 3.2.3 enables us to obtain an R + -family of Lorentz harmonic maps 
It is immediate from B -that is, they imply that (5.2.36) k · C λ (x, y) · k −1 = C b·λ (a · x, a −1 · y) for any k ∈ H 2 and λ ∈ S 1 . Now, let U λ (x, y) := C λ (x, y) −1 · ∂ x C λ (x, y) and V λ (x, y) := C λ (x, y) −1 · ∂ y C λ (x, y). We express these Maurer-Cartan forms explicitly as follows: (η θ (x), τ θ (y)):
η θ (x) := iθ the Sym-Bobenko formula (resp. the Sym formula) :
Then, φ 1 (z,z) λ : V → R 3 is a Delaunay surface, and φ 2 (x, y) θ : W → R 3 is a conic K-surface of revolution.
Proof. The K-surface φ 2 (x, y) θ : W → R 3 is endowed with the angle function ω conic (x, y) (cf. (5.2.51)). Therefore, Toda [27] assures that φ 2 (x, y) θ : W → R 3 coincides, up to an isometry of R 3 , with the K-surface f conic given in Lemma 5.2.2. Consequently, the rest of proof is to conclude that φ 1 (z,z) λ : V → R 3 is a Delaunay surface. First, let us verify that (5.2.52) C θ (x + t, y + t) = χ θ (t) · C θ (x, y), for any t ∈ R with (x + t, y + t) ∈ W , where χ θ (t) := C θ (t, t). By the proof of Lemma 5.2.4 we have (∂ x ω conic )(x + t, y + t) = (∂ x ω conic )(x, y) and ω conic (x + t, y + t) = ω conic (x, y). Therefore (C −1 θ · dC θ )(x + t, y + t) = (C −1 θ · dC θ )(x, y) follows from the equation (6) in [28] ; and thus (C −1 θ · dC θ )(x + t, y + t) = (C −1 θ · dC θ )(x, y) = (χ θ (t) · C θ ) −1 · d(χ θ (t) · C θ ) (x, y).
In view of C θ (0, 0) ≡ id one sees that C θ (0 + t, 0 + t) = χ θ (t) · C θ (0, 0) = χ θ (t). Hence, one concludes (5.2.52). From (5.2.52) it follows that C λ (z + t,z + t) = χ λ (t) · C λ (z,z), λ ∈ S 1 , where we remark that the variable θ of χ θ (t) can vary in the whole C * because of χ θ (t) = C θ (t, t). Since C ′ λ (z,z) = C λ (z,z) · h C (z,z), we deduce that
where k C (t, z,z) := h C (z,z) −1 ·h C (z +t,z +t). If k C (t, z,z) belongs to H 1 (⊂ G 1 ), then it is immediate from C ′ λ (z + t,z + t), C ′ λ (z,z) ∈ G 1 that χ λ (t) ∈ G 1 ; so that φ 1 (z,z) λ : V → R 3 admits a one-parameter group of isometries, which implies that φ 1 (z,z) λ : V → R 3 is a Delaunay surface (cf. Theorem [8, p. 127] ). Thus it suffices to confirm k C (t, z,z) ∈ H 1 .
For the extended framing C 
